
 

CohhectedspacesqaieeknniILelq

Ggf.IConnected connected
hot

connected
hot

connected

Def X a topological space is Etd if it cannot be

written X Ul UV where U and V are disjoint nonempty opensets called a separ ationotx

Ex CoD is connected w standardtopology

Suppose 0 D U UV WLOG Oe U

let a sup x c o D Ico CU

U is open so a 0 If a L we're done

Otherwise a U But then a neighborhood of ais in V so

we can't have o a CU

0,141,2 is not connected sinceboth 10,1 and 1,2 are

open in the subspace topology

Ex Consider Re Re C 90 U o a both open so Re
is not connected

In fact every subspace of Re is disconnected other than
singlepoints ie Re is totally disconnected



Note that connectedness is not preserved in subspaces

Ex
Y X is connected in IR

Y y o but XUY is not
connected in 4

However it's preserved by continuous functions

Them If f X Y is continuous and X connected then f X is

connected

Pfi since the map X f X is continuous as well we

can assume x is surjective

Suppose Y UUV is a separation of Y Then f t U and f v
are open nonempty disjoint and their union is X D

Certain unions of connected spaces are also connected

Thmi If Ai EX are connected subspaces that all have a

point in common then Y UAI is connected

PI SupposeY UU V U and V both open
Suppose the common point p is in U
Uh Ai and VNAi are disjoint open sets in Ai
Since Ai is connected and p c Ai Ai E U V i

Y UA EU Y is connected D



CI IR is connected as are all open half open and
closed intervals in IR

PI o D is connected and homeomorphic to all Cab

C n n IR is connected since C n n all contain O D
ne1N

Recall the intermediate value Thm from calculus

If f a b IR is continuous then tf y between

f a and f b F ceca b s.t f c Y

f af

ysaid iii
I l

a C b

key point connectedness of Ca b requires Theimageto
be connected

More generally

Thin Intermediate value theorem let X be a connected

topological space and f X 112 continuous

If a b CX and r lies between f a and f b in h



then F c c X s.t 5 c r

b

ft
IRfCa too f b

PI Since X is connected so is 5X

Consider U fair nf X and V r a nfCX

Both are open in 5 X and nonempty since f a is in

one f b in the other

If r f X then f X UUV a contradiction Thus reflx

So 7 cell s t 5 c r D

Productsotconnecterces

Them X Y connected X Y connected

Pf Suppose Xx Y GUV Fix Ca b c U

let Ca b c X Y
a 3 13

Then Xx Eb is B

I



B
connected so a b
al b G U

a na ga

L
as

connected so A

La b c U

Since a b was arbitrarily chosen

Xx Y E U XxY is connected

Core Finite products of connectedspaces are connected

PI
X xx x xXw X xXzx Xu i xXw D

connectedby
induction

What about infinite products

Claim If Xi iej is a collection of connectedspaces
then IT Xi is connected given the product topology
Exercise

This is not true in the boxtopology

E Consider X lRw given box topology

let U be the set of bounded sequences
i.e a az sit 7 NS.t.lai ENV i



the set of unbounded sequences

Clearly UUV X

Why is It open

let a a az c X Consider

Y a I a t l az 1 az 2 x

Y is open and if I c U YEU If I EV Y EV

Thus U and V are both open so the boxtopology is
not connected

PathconnectedspaceI

Def If X is a topological space and x yell a path from
x to y is a continuous map f a b X s t f a x and

givenf b y subspace
topology inIR

ivSo I og
tomba

X is pathconnected if every pair of points in X can

be joined by a path

Note The relation x y x and y can be connected by



a path is an equivalence relation

1 x ax by the constant path f t X

2 X y y x since we can run the path backward

3 x y y z x 2 by running one path and then the
next

The equivalenceclasses are called path components We'll
use these a lotwhen we getto algebraic topology

Ex

gg I f
pathconnected wut path

connected

How is path connectedness related to connectedness

This If X is pathconnected it's connected

PI Suppose X U UV xe U Pick a path f a b X

connecting to some other point y Then f CaD is

connected so f a BI E U Thus ye U t y X D

The converse does not hold ingeneral

EI Let S E N be defined

S x y Iny sin Yx U o o



This is called the topologists
I

th

l

A is connected as it's the image of a connected space

Any point O O is a limit pointof A since V E

There is some NS.t Sin YN O and N CE

Since A is connected and o o is a limit point of A S is
connected Otherwise if S UUU A EU and if 0,0 c V

then VMA Thus S U and S is connected

However S is not pathconnected Consider x o.o YEA
There is no path connecting to y Eyer

Idea Find Xi Xz C a b s t

Xl Nz a but
f f Xz I I O

it



For well behaved spaces connectedness is the same as

pathconnectedness e.g manifolds

The If U E IR is open then U is connected

path connected

PI We already know

Suppose U is connected tell

let EU be the set of points that can be reachedfrom
x by a polygonalpath i e a union of line segments

V is open since for 2c V any point in a ball Belz E U
can be reached by a straight line from 2

Claim V is also closed in U If yo T then there is

a ball y c B E U s t B AV F 4 so there is a peBAV
that can be reached by y and by x y c V Vis
closed and open V U D


